
 ! "3 !#$%%& "231 '&#(&)* "1

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
4−x

2
∫

1+2x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 4 − x2 − y2 , x = 0 , y = 0 , z = 0 , x + y = 1
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x2 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = sin x , y = 0 , 0 < x < π/2
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 0E z = 2E x = 4E x = y2

E5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = x U Q = x+2y U O; x = 3 cos tE
y = 2 sin t U A(3, 0)EB(−3, 0)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 1,−

√
3) :/8

-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

xy −
√

4 − z2, ~a = (sin (xy),
√

x + y, z3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (2x + y, 0, y +
2z), A(0, 0,−1), B(2, 0, 0), C(0, 0, 0), D(0, 3, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−2z,−x, x2), A(0, 0, 0), B(1, 0, 1), C(1,−1, 1)

 ! "3 !#$%%& "231 '&#(&)* "2

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
x
∫

−x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 + y2 , y = 1 , y = x2 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = y2 , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y + x2 = 0 , x + 1 = 0 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 0E x2 + y2 = 1E z = 4
E5-/( %/,*),-*. p = 4 − zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = y + x2
UQ = x + y2

U O;

/,=&)&8 x = 5Ey = 1 U A(2, 1)EB(5, 3)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 3,−4) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

x2 + y2 + z2, ~a = (
√

x2 + y2, y3, z2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (x + z, 0, z +
y), A(0, 0, 1), B(0, 0, 0), C(2, 0, 1), D(0, 3, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y − z, z − x, x − y), A(0, 0, 0), B(2, 0, 1), C(2, 2, 1)

e



 ! "3 !#$%%& "231 '&#(&)* "3

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
0
∫

−3

dx
9−x

2
∫

3x+9

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 , y = 0 , z = 0 , 3x + 2y = 6
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = 3
√

y , x = − 3
√

y , y + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y + x2 = 0 , y + 1 = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 + y2 + z2 = 1, z ≥ 0E 5-/(
%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2xy U Q = x2
U O; y = x3

U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1,−1, 3) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x + ln (z2 + y2), ~a = (ln (x2 + y2),
1

y
, xz)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#& ~a
?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (x + y, y + z, z +
x), A(0, 0, 2), B(3, 0, 0), C(0, 0, 0), D(0,−1, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−3z2, y), A(0, 0, 0), B(1, 0, 1), C(1, 1, 1)

 ! "3 !#$%%& "231 '&#(&)* "4

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
2
∫

0

dx

√

x
∫

x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 8 − x2 − 2y2 , x = 0 , y = 0 , z = 0 , y = 2 − 2x
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x + 3
√

y = 0 , x = 3
√

y , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , y = 1 , x = 2
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x = 2E 3y + 2z = 6E
x = 0, y = 0, z = 0 E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = x + y U O; /,=&)&8
x = 0Ey = 1 U A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (2, 0.5,−1) :/8

-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = yx2 −
√

x2 + 5z2, ~a = (
y

2x
, y − 7,

1

z + 2
)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(4x,−2y,−z), A(0, 0, 0), B(−1, 0, 2), C(0, 0, 2), D(0,−1, 2)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y − z, z − x, x − y), A(0, 0,−1), B(−3, 0, 0), C(0,−2, 0)

e



 ! "3 !#$%%& "231 '&#(&)* "5

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
2−x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 3y2 , x = 0 , y = 1 , z = 0 , x = 2
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + x2 = 0 , y + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = −1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 = 2zE y = 2E 2x = 1E y = 0E
z = 0E 5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = y − x U O; x = y2
U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 1, 1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = 2
√

x + z + y arcsin x, ~a = (8xy, zx − 4y, ex − z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(2x, 0, z), A(0, 0,−1), B(−3, 0,−1), C(0, 0, 0), D(0,−3,−1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (2y,−z, x), A(0, 0, 0), B(3, 0,−2), C(3, 3,−2)

 ! "3 !#$%%& "231 '&#(&)* "6

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
x
2
+1

∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 + y2 , x = 0 , y = 0 , z = 0 , x + y = 4
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = y4 , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 + y2 = 4z2

E z = 1E 5-/(
%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2x+y U Q = 2y U O; x = cos t

2
E

y = sin t U A( 1

2
, 0)EB(0, 1)B

7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 1, 1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = 2
√

x + z + y arcsin x, ~a = (8xy, zx − 4y, ex − z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (y, x +
2y, x), A(0, 0,−2), B(−1, 0, 0), C(0, 3, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−2z2, y), A(0, 0, 0), B(1, 0, 2), C(1,−1, 2)

e



 ! "3 !#$%%& "231 '&#(&)* "7

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
2−x
∫

x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = y2 , x2 + y2 = 16 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()>E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = − 3
√

x , y = 3
√

x , x = 1 , x = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x = 2y , x = 2 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x + y = 3E z = x2 + y2

E

x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = yB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = x+ y U Q = y U O; x = a cos tE
y = b sin t U A(a, 0)EB(0, b)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 1, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = y(ln (1 + x2) − arctg z), ~a = (2x + ey, xz − y,
√

1 + x2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#& ~a ?5#59

%,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (2y − 3z, 3x + 2z, x + y +
z), A(0, 0,−2), B(−3, 0, 0), C(0, 2, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (3y,−3x, x), A(0, 0,−2), B(−3, 0, 0), C(0, 2, 0)

 ! "3 !#$%%& "231 '&#(&)* "8

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

1

dx
x
2

∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x + y , x = 0 , y = 0 , z = 0 , y =

√
1 − x2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x , x + y = 0 , x = 1 , x = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , y = 1 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = x2 + y2 + 1E 2x + 2y = 3E
x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = 1

1+x2+y2 B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = x + y U O; /,=&)&8
y = 0Ex = 1 U A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aeE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 0.25,−2) :/8
-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x
√

y − yz2, ~a = (arcsin x, ln (1 + y2), 3z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (7x, z, x − y +
5z), A(0, 0, 3), B(−2, 0, 0), C(0,−1, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−3z2, y), A(0, 0, 0), B(1, 0, 1), C(1, 1, 1)

f



 ! "3 !#$%%& "231 '&#(&)* "9

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
3
∫

0

dx

√

16−x2
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 6 − x2 − y2 , x = 1 , z = 0 , x = y2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x2 , y + x2 = 0 , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = 2
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x = 0E x = 4E z = 0E z = 1−y2

E 5-/( %/,*),-*. p = x2
B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = sin2 x U Q = y2
U O; y = cos x

U A(0, 1)EB(π,−1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (3,−1, 1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x2 − arctg (y + z), ~a = (x + z, xz + y, xy − 2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (3x − y −
z, 3y, 2z), A(0, 0, 3), B(1, 0, 0), C(0,−2, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y,−x, z), A(0, 0, 1), B(3, 0, 0), C(0, 2, 0)

 ! "3 !#$%%& "231 '&#(&)* "10

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

0

dx
3−x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;

z = y , x = y
2

4
, y = x

2

4
, z = 0

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x + y4 = 0 , x + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

2x + y = 0 , y + 2 = 0 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 3x + 3y = 2E z = 1 + x2 + y2

E

x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = 1

1+x2+y2

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = −y2
U Q = xy U O; x = cos tE

y = sin t U A(1, 0)EB(0, 1) B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 1, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =

√
x

y
−

z

x +
√

y
, ~a = (x

√
z + 1, y + x, zx2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(2x, 2y, z), A(0, 0,−1), B(3, 0,−1), C(0, 3,−1), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (xy, x, y2), A(0, 0, 0), B(−2, 0,−1), C(−2, 2,−1)

M



 ! "3 !#$%%& "231 '&#(&)* "11

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

0

dx
x+2
∫

x2

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 1 − x2 , x = 0 , y = 0 , z = 0 , x + y = 1
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = 2x , y + 2x = 0 , y + 2 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , x + 2 = 0 , y + 1 = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 + y2 = z2

E z = 1E 5-/(
%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 3x2 + 4xy U Q = 2x2 − 3y2
U

O; %J8=&8 U A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (2,−1, 1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = xy −
x

z
, ~a = (5x − 6y, x2 + 2y, x2 − 4z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (yz, x − 2y +
z, x), A(0, 0, 1), B(−2, 0, 0), C(0, 0, 0), D(0, 3, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−z,−x, xz), A(0, 0, 0), B(−1, 0, 3), C(−1, 1, 3)

 ! "3 !#$%%& "231 '&#(&)* "12

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
9−x

2
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2 + x2 + y2 , x = 1 , z = 0 , x = y2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x4 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , x + 1 = 0 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x = 0E z = 0E y = 2E z = 2E
2x + 3y = 1E 5-/( %/,*),-*. p = y2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = y + x2
U Q = x + y2

U O;

%J8=&8 U A(−1, 1)EB(0, 2)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−1, 0.5, 4) :/8

-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x2y2z − ln (z − 1), ~a = (2yz, xz + 2y, x2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (z +
y, y,−x), A(0, 0, 1), B(0, 0, 0), C(2, 0, 1), D(0, 2, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x, z2, y), A(0, 0,−1), B(2, 0, 0), C(0, 3, 0)

e



 ! "3 !#$%%& "231 '&#(&)* "13

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
x
2

∫

−x2

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = y2 , x = 1 , y = 2x , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = 2y , x + 2y = 0 , x = 2
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , y + 1 = 0 , x = 2
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x = 0E z = 0E y = 2E z = 2E
2x + 3y = 1E 5-/( %/,*),-*. p = y2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = x U Q = 1

y2 U O; xy = 1 U

A(1, 1)EB(4, 1

4
)B

7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (2, 0,−1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = yx2 −
√

xy + z2, ~a = (yx2, exy − z, 3z2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(6x,−2y,−z), A(0, 0, 0), B(2, 0,−3), C(0, 0,−3), D(0, 2,−3)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−z2, y), A(0, 0, 0), B(−1, 0,−1), C(−1, 1,−1)

 ! "3 !#$%%& "231 '&#(&)* "14

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
3
4
∫

0

dx
x
∫

x2

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2x2 + 3y2 , x = 0 , y = 0 , z = 0 , x + y = 1
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = 2x , y + 2x = 0 , y = 2
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x = 2y , x + 2 = 0 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 3x = 2yE z = 2E x = 2E y = 0
Ez = 0E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = −y2
U Q = xy U O; x = cos tE

y = sin t U A(1, 0)EB(0, 1) B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−0.5, 0, 0.5) :/8
-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln (1 + x2) − xy
√

z, ~a = (arctg (
x

z
), 2y, z8)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (x,−x −
2y, y), A(−2, 0, 2), B(0, 0, 2), C(0, 0, 0), D(0,−1, 2)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x2, y,−z), A(0, 0,−2), B(−1, 0, 0), C(0, 3, 0)

e



 ! "3 !#$%%& "231 '&#(&)* "15

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
9−x

2
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = y , y = 2 , y = x2 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = 3
√

x , y + 3
√

x = 0 , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , y = 1 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x + y = 1E z = x2 + y2

E

x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = yB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy2
U Q = yx2

U O; %J8=&8 U

A(0, 0)EB(2, 2)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 1, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln(x +
√

y2 + z2), ~a = (y2 + z2 + 6z, x − 2y + ez, x + y − z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a  !"!# $%&!"'(%)*+ $,"-.,/0 1234 5 !)6, ~a = (z, 3y −
x,−z), A(0, 0,−3), B(2, 0, 0), C(0, 0, 0), D(0,−1, 0)7
9) 8% 9%".:6! ;*%<)- &0 ,)6,*+ =,"<:6>=,? &!<*%"- ~a $% *"!:@%6+(,<: 123

5!)6,

~a = (x,−2z2, y), A(0, 0, 0), B(1, 0, 2), C(1,−1, 2)

ABA C3 B":$$- C231 D-",-(* C16

1) 8%)*"%,*+ (- $6%)<%)*, EFG %H6-)*+ ,(*!@","%&-(,> #-/-((%@% ,(*!@"-6-I

3
∫

0

dx
3x+1
∫

x
3

3 +1

dy

J#.!(,*+ $%">/%< ,(*!@","%&-(,> , &0 ,)6,*+ $6%K-/+ %H6-)*, $", #-/-((%.

, ,#.!(!((%. $%">/<-' ,(*!@","%&-(,>7

2) D0 ,)6,*+ %HLM. *!6-5 %@"-(, !((%@% /-((0., $%&!"'(%)*>., I

z = x2 + 3y2 , x = 0 , y = 0 , z = 0 , x + y = 2
J#%H"-#,*+ (-  !"*!N! /-((%! *!6% , %H6-)*+ ,(*!@","%&-(,>7

3) O-P*, =!(*" *>N!)*, %/(%"%/(%P $6%)<%P $6-)*,(0 5 %@"-(, !((%P

:<-#-((0., 6,(,>.,I

y + x6 = 0 , y + 1 = 0
4) O-P*, .%.!(*0 ,(!Q=,, Jx , Jy /6> %/(%Q%/(%P $6%)<%P $6-)*,(0

R$6%*(%)*+ "STU 5 %@Q-(, !((%P :<-#-((0., 6,(,>., I

y = 2x , y = 0 , x = 1
5) O-P*, .-)): *!6-5 %@"-(, !((%@% $%&!"'(%)*>., x2 = 4z5 y = 45 x = 15 y = 05
z = 05 !)6, $6%*(%)*+ p = x7
6) D <-N/%P *% <! 6,(,, V (- .-*!",-6+(:? *% <: !/,(, (%P .-))0 /!P)*&:!*

),6-

~F = (P (x, y), Q(x, y))7 D0 ,)6,*+ "-H%*:5 )%&!"W-!.:? X*%P ),6%P $",

/&,N!(,, *% <, $% 6,(,, V ,# *71 & *72 75 !)6, P = 2xy Y Q = x2
Y VI $Q>.-> Y

A(0, 0)5B(1, 1)7
7) O-P*, Z[\] ^5 ]_` ~a5 [ab ~a5 - *-<N! [ab Z[\] ^ & *% <! (3,−1, 1) /6> )<-6>"(%@%
$%6> ^ , &!<*%"(%@% $%6> ~a 5!)6,

U = x2 − arctg (y + z), ~a = (x + z, xz + y, xy − 2)

8) 8% 9%".:6! B-:))-cd)*"%@"-/)<%@% &0 ,)6,*+ $%*%< &!<*%"- ~a  !"!#

$%&!"'(%)*+ $,"-.,/0 1234 5 !)6, ~a = (x + y + z, 2y − x, 3z +
y), A(0, 0,−1), B(−3, 0, 0), C(0, 0, 0), D(0,−2, 0)7
9) 8% 9%".:6! ;*%<)- &0 ,)6,*+ =,"<:6>=,? &!<*%"- ~a $% *"!:@%6+(,<: 123

5!)6,

~a = (2z,−x, y), A(0, 0, 2), B(1, 0, 0), C(0,−3, 0)

e



 ! "3 !#$%%& "231 '&#(&)* "17

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

0

dx
4x−x

2
∫

2x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2x2 + y2 + 2 , x = 0 , y = 0 , z = 0 , x + y = 1
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = y2 , x + y2 = 0 , y + 1 = 0.
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 = 3zE y = 3E x = 1E y = 0E
z = 0E 5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy2
U Q = yx2

U O; %J8=&8 U

A(0, 0)EB(2, 2)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (3,−3, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = −2 ln (x2 − 8) − 4xyz, ~a = (cos (xz), x + 7y,
y

x
)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(3x,−y, 0), A(0, 0, 1), B(−2, 0, 1), C(0, 0, 0), D(0,−2, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−z2, y), A(0, 0, 0), B(−1, 0,−1), C(−1, 1,−1)

 ! "3 !#$%%& "231 '&#(&)* "18

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
4
∫

0

dx

√

25−x2
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2x , x = 0 , y = 0 , z = 0 , y =

√
9 − x2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = y2 , x = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = −1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 1E x2 + y2 = 9z2

E 5-/(

%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = y − x U O; y = x3
U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (4,−3, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

(x2 + y2 + z2)3, ~a = (x2z3, z + 3, y2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(y, 5y, z), A(0, 0, 1), B(3, 0, 0), C(0,−2, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−x2y3, 3, y), A(0, 0, 0), B(1, 0,−2), C(1, 1,−2)

e



 ! "3 !#$%%& "231 '&#(&)* "19

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
4
∫

0

dx
7−x
∫

x

2 +1

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 4 − y2 , x = 0 , y = 0 , z = 0 , x = 4 − 2y
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x = 2y , x + 2y = 0 , x + 2 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y + x2 = 0 , x + 1 = 0 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 2E 4(x2 + y2) = z2

E 5-/(

%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2xy U Q = x2
U O; %J8=&8 U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−1, 1, 2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln(x2 + y2) + xyz, ~a = (3yz − x, x2 − y, 6z − 1)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(z, x,−z), A(0, 0, 0), B(2, 0,−1), C(0, 0,−1), D(0,−2,−1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y − z, z − x, x − y), A(0, 0, 0), B(−1, 0,−1), C(−1,−1,−1)

 ! "3 !#$%%& "231 '&#(&)* "20

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
4
∫

1

dx

√

x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 + y2 , x = 0 , y = 0 , z = 0 , x + y = 4
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

x + y2 = 0 , x + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 0E z = 3E y = 0E x = 3E
2x + 3y = 1E 5-/( %/,*),-*. p = y2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = y − x U O; y = x U
A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 0, 2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x3 +
√

y2 + z2, ~a = (exy, x + z,
1

z
)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(x, z,−y), A(−2, 0, 2), B(0, 0, 2), C(0, 0, 0), D(0, 1, 2)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x, 2z2, y), A(0, 0, 3), B(1, 0, 0), C(0,−2, 0)

ef



 ! "3 !#$%%& "231 '&#(&)* "21

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
4
∫

0

dx
4
√

x
∫

x
3

8

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = y2 , x = 0 , z = 0 , 2x + 3y = 6
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + x4 = 0 , y + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , y + 1 = 0 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 3x = 2yE z = 2E x = 0E y = 3E
z = 0E 5-/( %/,*),-*. p = y2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = y U Q = x U O; %J8=&8 U

A(4, 0)EB(
√

2,
√

2)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 0,−2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = z2 + 2arctg (x − y), ~a = (yz − 2x, xy2, x − 2z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (x + z, 0, z +
y), A(0, 0, 1), B(0, 0, 0), C(2, 0, 1), D(0, 3, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (6z,−x, xy), A(0, 0, 2), B(−1, 0, 0), C(0, 3, 0)

 ! "3 !#$%%& "231 '&#(&)* "22

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
9
∫

0

dx
x−4
∫

x
2

9 −4

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x (x ≥ 0) , 4x2 + 9y2 = 36 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + x3 = 0 , y = x3 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

2x + y = 0 , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = x2 + y2

E z = 1 E5-/(
%/,*),-*. p = x2 + y2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = −y U Q = x U O; x = cos3 tE
y = sin3 t U A(1, 0)EB(0, 1) B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1,−2, 0) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln (1 + x2 + y2) −
√

x2 + z2, ~a = (y − z, yx2, zy3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (z +
y, y,−x), A(0, 0, 1), B(0, 0, 0), C(2, 0, 1), D(0, 2, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−2z,−x, x2), A(0, 0, 0), B(1, 0, 1), C(1,−1, 1)

ee



 ! "3 !#$%%& "231 '&#(&)* "23

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

1

dx
2x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2 − y , y = x2 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x , x + y = 0 , y + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

2x + y = 0 , y = 2 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 2y + 3z = 6E x = 0E x = 1E
y = 0E z = 0E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = x + y U O; y = x2
U

A(0, 0) EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−1, 1, 2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln(x2 + y2) + xyz, ~a = (3yz − x, x2 − y, 6z − 1)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#& ~a
?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (0, 2z − 2y, x −
z), A(2, 0, 2), B(0, 0, 2), C(0,−1, 2), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−x2y3, 1, z), A(0, 0, 1), B(3, 0, 0), C(0,−2, 0)

 ! "3 !#$%%& "231 '&#(&)* "24

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
x
2
+1

∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 + 3y2 , x = 0 , y = 0 , z = 0 , x + y = 2
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x , x + y = 0 , x = −1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y + x2 = 0 , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 8E y2 = 8xE x = 2E z = 0E
5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 5 U Q = 0 U O; x2 + y2 = R2

U A(0, R) EB(R, 0)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (2, 2, 1.25) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln (2 + x2) − 4x, ~a = (2x,
y

x
, (z − x)2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#& ~a ?5#59

%,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (2y − 15x, z − y, 3y −
x), A(0, 0, 2), B(−1, 0, 0), C(0, 3, 0), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y,−x, z2), A(0, 0, 2), B(1, 0, 0), C(0,−3, 0)

ef



 ! "3 !#$%%& "231 '&#(&)* "25

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
1−x
∫

−

√

1−x2

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2 − y , y = x2 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + 3
√

x = 0 , y = 3
√

x , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x + y = 0 , x + 2 = 0 , y = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x = 1E 2y + 3z = 6E
x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2xy U Q = x2
U O; x = y2

U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−1, 1, 3) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = ln (3 − x2) + xzy2, ~a = (
√

y + z, x, z + 3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (−2x, z, x +
y), A(0, 0,−3), B(2, 0, 0), C(0, 0, 0), D(0, 1, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (4y,−3x, x), A(0, 0, 0), B(1, 0, 3), C(1,−1, 3)

 ! "3 !#$%%& "231 '&#(&)* "26

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

1

dx
2x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 1 + y2 , x = 0 , y = 0 , z = 0 , x + y = 2
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y =
√

x , x + y2 = 0 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = cos x , y = 0 , −π

2
< x < π

2

5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 4 − x2
E y = 0E y = 1E

z = 0E 5-/( %/,*),-*. p = y2
B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2xy U Q = x2
U O; %J8=&8 U

A(1, 0)EB(0, 3)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (4, 4,−1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

xy +
√

9 − z2, ~a = (2y − x, zx2, 2
√

xy)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(2x, 7y, 11z), A(0, 0, 2), B(1, 0, 0), C(0, 0, 0), D(0,−3, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (2y,−3x, x), A(0, 0, 3), B(−2, 0, 0), C(0,−1, 0)

ef



 ! "3 !#$%%& "231 '&#(&)* "27

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

0

dx
2
√

x
∫

x
2

4

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;

z = x
2

2
+ 2y , x = 0 , y = 0 , z = 0 , x = 2 , y = 4 − x

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + x2 = 0 , y + 1 = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = 1
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 3x + 3y = 2E z = 1 + x2 + y2

E

x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = 1

1+x2+y2

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = y U Q = x U O; %J8=&8 U

A(4, 0)EB(
√

2,
√

2)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (4, 4,−1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

xy +
√

9 − z2, ~a = (2y − x, zx2, 2
√

xy)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (y +
2z,−x, 3x), A(0, 0, 0), B(1, 0, 2), C(0, 0, 2), D(0, 1, 2)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (x,−z2, y), A(0, 0, 2), B(3, 0, 0), C(0,−1, 0)

 ! "3 !#$%%& "231 '&#(&)* "28

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx

√

x
∫

x3

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = x2 + y2 , x = 0 , y = 0 , z = 0 , x = 2 − 2y
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x2 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , y + 1 = 0 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x + y = 2E z = x2 + y2

E

x = 0, y = 0, z = 0E 5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = x U Q = −y U O; y = x
2

2
U

A(−2, 2)EB(
√

2, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (−0.5, 1.5, 0) :/8
-0&/8#),6, %,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U =
√

x2 + y2 − z, ~a = (tg yz, ln y, x2z3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(2x, 2y, z), A(0, 0,−1), B(3, 0,−1), C(0, 3,−1), D(0, 0, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (7z,−x, yz), A(0, 0, 0), B(−2, 0,−1), C(−2,−2,−1)

ef



 ! "3 !#$%%& "231 '&#(&)* "29

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

1

dx
x
2

∫

0

dy

 !"#$%&' ()*+,)- %$&#.*%*)/0$%+ % /12%34%&' (4)50,' )6403&% (*% !0,0$$)"

% %!"#$#$$)" ()*+,-07 %$&#.*%*)/0$%+8

2) 912%34%&' )6:;" &#40< ).*0$%2#$$).) ,0$$1"% ()/#*7$)3&+"% =
z =

√
y , x = 1 , y = x , z = 0

 !)6*0!%&' $0 2#*&#># ,0$$)# &#4) % )6403&' %$&#.*%*)/0$%+8

3) ?0@&% A#$&* &+>#3&% ),$)*),$)@ (4)3-)@ (403&%$1 < ).*0$%2#$$)@

B-0!0$$1"% 4%$%+"%=

x + y2 = 0 , x + 1 = 0
4) ?0@&% ")"#$&1 %$#CA%% Jx , Jy ,4+ ),$)C),$)@ (4)3-)@ (403&%$1

D(4)&$)3&' *EFG < ).C0$%2#$$)@ B-0!0$$1"% 4%$%+"% =

y = 2x , y = 2 , x = 0
5) ?0@&% "033B &#40< ).*0$%2#$$).) ()/#*7$)3&+"% z2 = x2 + y2

< z = 4< #34%
(4)&$)3&' p = z8
6) 9 -0>,)@ &)2-# 4%$%% H $0 "0&#*%04'$BI &)2-B #,%$%2$)@ "0331 ,#@3&/B#&

3%40

~F = (P (x, y), Q(x, y))8 912%34%&' *06)&B< 3)/#*J0#"BI K&)@ 3%4)@ (*%

,/%>#$%% &)2-% () 4%$%% H %! &8L / &8M 8< #34% P = y

x2+y2 N Q = x

x2+y2 N H=

(C+"0+ N A(1, 2)<B(3, 6)8
7) ?0@&% OPQR S< RTU ~a< PVW ~a< 0 &0-># PVW OPQR S / &)2-# (0, 0.5, 4) ,4+ 3-04+*$).)
()4+ S % /#-&)*$).) ()4+ ~a <#34%

U = xz2 −
√

yx3, ~a = (3−x, arctg
y

x
,
√

x + z)

8) X) Y)*"B4# Z0B330[\3&*).*0,3-).) /12%34%&' ()&)-

/#-&)*0 ~a 2#*#! ()/#*7$)3&' (%*0"%,1 LM]^ < #34% ~a =
(8x,−2y, x), A(0, 0, 0), B(−1, 0,−2), C(0, 0,−2), D(0, 1,−2)8
9) X) Y)*"B4# _&)-30 /12%34%&' A%*-B4+A%I /#-&)*0 ~a () &*#B.)4'$%-B LM]
<#34%

~a = (−x2y3, 2, z), A(0, 0,−3), B(2, 0, 0), C(0, 1, 0)

`Z` a3 Z*B((0 a231 90*%0$& a30

1) X)3&*)%&' $0 (4)3-)3&% bcd )6403&' %$&#.*%*)/0$%+ !0,0$$).) %$&#.*040=
6
∫

0

dx
x−1
∫

x
2

6 −1

dy

 !"#$%&' ()*+,)- %$&#.*%*)/0$%+ % /12%34%&' (4)50,' )6403&% (*% !0,0$$)"

% %!"#$#$$)" ()*+,-07 %$&#.*%*)/0$%+8

2) 912%34%&' )6:;" &#40< ).*0$%2#$$).) ,0$$1"% ()/#*7$)3&+"% =
z = 4 − x2 − y2 , x = 0 , y = 0 , z = 0 , x + y = 1
 !)6*0!%&' $0 2#*&#># ,0$$)# &#4) % )6403&' %$&#.*%*)/0$%+8

3) ?0@&% A#$&* &+>#3&% ),$)*),$)@ (4)3-)@ (403&%$1 < ).*0$%2#$$)@

B-0!0$$1"% 4%$%+"%=

y = x , x + y = 0 , x = 1 , x = 0
4) ?0@&% ")"#$&1 %$#CA%% Jx , Jy ,4+ ),$)C),$)@ (4)3-)@ (403&%$1

D(4)&$)3&' *EFG < ).C0$%2#$$)@ B-0!0$$1"% 4%$%+"% =

x + 2y = 0 , x = 2 , y = 0
5) ?0@&% "033B &#40< ).*0$%2#$$).) ()/#*7$)3&+"% z = 1< x2 + y2 = 9z2

< #34%

(4)&$)3&' p = z8
6) 9 -0>,)@ &)2-# 4%$%% H $0 "0&#*%04'$BI &)2-B #,%$%2$)@ "0331 ,#@3&/B#&

3%40

~F = (P (x, y), Q(x, y))8 912%34%&' *06)&B< 3)/#*J0#"BI K&)@ 3%4)@ (*%

,/%>#$%% &)2-% () 4%$%% H %! &8L / &8M 8< #34% P = 2xy N Q = x2
N H= y = x2

N

A(0, 0)<B(1, 1)8
7) ?0@&% OPQR S< RTU ~a< PVW ~a< 0 &0-># PVW OPQR S / &)2-# (1, 0,−π) ,4+ 3-04+*$).)
()4+ S % /#-&)*$).) ()4+ ~a <#34%

U = arctg (
y

x
) + xz, ~a = (yx2,

y

z
, sin z)

8) X) Y)*"B4# Z0B330[\3&*).*0,3-).) /12%34%&' ()&)-

/#-&)*0 ~a 2#*#! ()/#*7$)3&' (%*0"%,1 LM]^ < #34% ~a =
(x,−2y, 3z), A(0, 0, 1), B(3, 0, 0), C(0, 2, 0), D(0, 0, 0)8
9) X) Y)*"B4# _&)-30 /12%34%&' A%*-B4+A%I /#-&)*0~a () &*#B.)4'$%-B LM]
<#34%

~a = (z, y2,−x), A(0, 0, 1), B(−2, 0, 0), C(0, 3, 0)

eF



 ! "3 !#$%%& "231 '&#(&)* "31

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
1
∫

0

dx
2−x
∫

x

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 2x , x = 0 , y = 0 , z = 0 , y =

√
9 − x2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y + cos x = 0 , y = 0,−π

2
< x < π

2

4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x2 , y = 0 , x = 2
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 0E z = 2E x = 4E x = y2

E5-/( %/,*),-*. p = xB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = −y U Q = x U O; x = cos3 tE
y = sin3 t U A(1, 0)EB(0, 1) B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (2, 1,−1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x
√

y − (z + y)x2, ~a = (ln (x − y),
2

y
, xyz)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(z,−4y, 2x), A(2, 0, 2), B(0, 0, 0), C(0, 0, 2), D(0, 1, 2)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y − z, z − x, x − y), A(0, 0,−3), B(2, 0, 0), C(0,−1, 0)

 ! "3 !#$%%& "231 '&#(&)* "32

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
2
∫

0

dx
2
√

2x−1
∫

x2
−1

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 4 − x − y , x = 0 , y = 0 , z = 0 , x + y < 2
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = cos x , y = 0 , −π

2
< x < π

2

4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

x = 2y , y = 1 , x = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( x2 + y2 = 2z2

E x2 + y2 + z2 =
3EK z > 0 NE 5-/( %/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = 2xy U Q = x2
U O; y = x U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (0, 4, 1) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = x
√

y + y
√

z, ~a = (z cos x, yz3, x2y3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (z + y, x −
z, z), A(0, 0, 0), B(1, 0, 1), C(0, 0, 1), D(0,−1, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (y − z, z − x, x − y), A(0, 0, 0), B(−1, 0,−1), C(−1,−1,−1)

ef



 ! "3 !#$%%& "231 '&#(&)* "33

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
4
∫

0

dx
2x−2
∫

x
2

2 −2

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 3(x2 + y2) , y = 1 , y = x2 , z = 0
<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x6 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = x , x + 1 = 0 , y = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z = 1 − x2

E y = 2E y = 0E
z = 0E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = x + y U Q = 2x U O; x = cos tE
y = sin t U A(1, 0)EB(−1, 0)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 2, π/2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = 4 ln (3 + x2) − 8xyz, ~a = (ctg
z

x
,
√

2y, z3)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(3x,−y, 0), A(0, 0, 1), B(−2, 0, 1), C(0, 0, 0), D(0,−2, 1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (xz, x, z2), A(0, 0, 0), B(2, 0,−2), C(2, 2,−2)

 ! "3 !#$%%& "231 '&#(&)* "34

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
3
∫

1

dx
0,5

√

2x−2
∫

(x−1)2

4

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;

z = 2x + y , x = 0 , y ≥ 0 , z = 0 , x =
√

1 − y2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x , x + y = 0 , y = 1
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y + x2 = 0 , y + 1 = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( z2 = 9(x2 + y2)E z = 3 E5-/(
%/,*),-*. p = zB
6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = x + y U O; y = x U
A(0, 0) EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (π/2, π, 2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = sin (x + 2y) +
√

xyz, ~a = (xy − 1; 2(y + xz); y2 + z2)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0 750*,#&

~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a = (y + 6x, x +
z, 4y), A(0, 0, 2), B(1, 0, 0), C(0, 0, 0), D(0,−3, 0)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (−x2y3, 4, x), A(0, 0, 0), B(1, 0, 2), C(1, 1, 2)

ef



 ! "3 !#$%%& "231 '&#(&)* "35

1) +,-*#,(*. )& %/,-0,-*( 123 ,4/&-*. ()*56#(#,7&)(8 9&:&)),6, ()*56#&/&;
3
∫

0

dx

√

4−x
∫

0

dy

<9=5)(*. %,#8:,0 ()*56#(#,7&)(8 ( 7>?(-/(*. %/,@&:. ,4/&-*( %#( 9&:&)),=

( (9=5)5)),= %,#8:0&A ()*56#(#,7&)(8B

2) '>?(-/(*. ,4CD= *5/&E ,6#&)(?5)),6, :&))>=( %,75#A),-*8=( ;
z = 5y , z = 0 , y =

√
9 − x2

<9,4#&9(*. )& ?5#*5F5 :&)),5 *5/, ( ,4/&-*. ()*56#(#,7&)(8B

3) G&H*( I5)*# *8F5-*( ,:),#,:),H %/,-0,H %/&-*()> E ,6#&)(?5)),H

$0&9&))>=( /()(8=(;

y = x2 , y + x2 = 0 , x = 1 , x = 0
4) G&H*( =,=5)*> ()5JI(( Jx , Jy :/8 ,:),J,:),H %/,-0,H %/&-*()>

K%/,*),-*. #LMN E ,6J&)(?5)),H $0&9&))>=( /()(8=( ;

y = 2x , x = 0 , y + 2 = 0
5) G&H*( =&--$ *5/&E ,6#&)(?5)),6, %,75#A),-*8=( 2y + 3z = 6E x = 0E x = 1E
y = 0E z = 0E 5-/( %/,*),-*. p = x2

B

6) ' 0&F:,H *,?05 /()(( O )& =&*5#(&/.)$P *,?0$ 5:()(?),H =&--> :5H-*7$5*

-(/&

~F = (P (x, y), Q(x, y))B '>?(-/(*. #&4,*$E -,75#Q&5=$P R*,H -(/,H %#(

:7(F5)(( *,?0( %, /()(( O (9 *BS 7 *BT BE 5-/( P = xy U Q = y − x U O; y = x2
U

A(0, 0)EB(1, 1)B
7) G&H*( VWXY ZE Y[\ ~aE W]^ ~aE & *&0F5 W]^ VWXY Z 7 *,?05 (1, 0,−2) :/8 -0&/8#),6,
%,/8 Z ( 750*,#),6, %,/8 ~a E5-/(

U = z2 + 2arctg (x − y), ~a = (yz − 2x, xy2, x − 2z)

8) +, _,#=$/5 !&$--&`a-*#,6#&:-0,6, 7>?(-/(*. %,*,0

750*,#& ~a ?5#59 %,75#A),-*. %(#&=(:> STbc E 5-/( ~a =
(2x, 0, z), A(0, 0,−1), B(−3, 0,−1), C(0, 0, 0), D(0,−3,−1)B
9) +, _,#=$/5 d*,0-& 7>?(-/(*. I(#0$/8I(P 750*,#& ~a %, *#5$6,/.)(0$ STb
E5-/(

~a = (z, x, y), A(0, 0, 0), B(2, 0, 1), C(2,−2, 1)

ef


